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Discrete Mathematics End-semester Exam
May 2022
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e You have 3 hours. I
I
e Test contains two sections - 15 Multiple Choice Questions (cach 3 marks) and g:
8 Subjective Questions (Total 56 marks). Answer as much as you can. The| ;
maximum you can score is 100. Of course the final grading is relative. Ilf
o Collaboration of any kind if found will be treated as a serious case of academic ,’
dishonesty. ;’
f
!

SECTION A MuLTiPLE CHOICE QQUESTIONS

1. Consider the following statements:

*(a) The set of real numbers between 0 and 1/2 is uncountable.

¢ (b) Real numbers not containing 0 in decimal representation is uncountable.

* (c¢) All bit strings not containing bit 0 is countable.

\ (d) Positive rational nmumbers that cannot be written with denominator less
 than 4 is countable.

Which of the above statements are true?

(i) Only (a). (b) and (¢) are true.
(ii) Only (b), (¢) and (d) are true.
‘,Kii) All the above are true.
(iv) None of the above are true.
2. Consider the following statements:

¢(a) The set of real numbers that are solutions to ax? + by -+ ¢ — 0,a,b,ceZ
is countable.
(b) There is a one-to-one correspondence between the sot of positive integers
and the power set of the set of positive integers.
v (c¢) The set of all finite bit strings are countable.

«(d) I sets A and B are countable then AU B is also countable,

Which of the above statements are true?



(i) Only (a). (h) and (c) are true.
vﬁ) ()nl\ a). (¢) and (d) are true.
(iii) All the above are true.
)

(iv) None of the above are true.
3. Let m > 2 and a.b. ¢, d.m € Z. Consider the following statements:

L) a =b (mod m) and ¢ = d (mod m) implies that a —¢ = b— d (mod m).
(b) ac = be (mod m) implies that @ = b (mod m).
a =0 (mod m) and ¢ = d (mod m) implies that a¢ = b (mod m).

= b (mod m) implies that «© = ¢ (mod m).
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Which of the above statements are true?

(i) Only (a). (¢) and (d) are true.
(i) None of the above are true.
)
)

(i11) All the above are true.

/G\ Only (a) and (d) are true.

4. Consider the following statements:

(a) @(10) = 5 where é(n) is the Euler's totient function that is the number
()f positive integers < n that are co-prime to 7.

« (b) For any integers ab and m > 2, if @ = b (mod m) then ged(a.m) =
ged (b, m).

e (¢) If a and m are relatively prime then the multiplicative inverse of « modulo
m exists.

?(d) The system 2 = 1 (mod 5),2 = 2 (mod 6).2 = 3 (mod 7) of congru-
ences has a solution.

Which of the above statements are true?

«(ﬁ()nly (b). {¢) and (d) are frue.
(ii) Nonc of the above are true.
(iii) All the above are true.

(iv) Only (¢) and (d) are true.
5. Which of the following statements is false?

‘\E}”"MA complete graph with more than two vertices is not Hamiltonian.

%(b) A directed graph hias an Lulerian cycle if and only if every vertex has
cqual in-degree and out-degree, and all of its vertices with nonzero degree
belong to a single strongly connected component.

/b((-) Any Hamiltonian cyele can be converted to a Hamiltonian path by re-
moving one of its edges.

() An mudirected graph has an Euolerian eyele it and only if every vertex

has even degree, and all of its vertices with non-zero degree belong to a
single counected component.,
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6. Consider the following statements ahout planar graphs: # o e

o(a) A connected planar graph with 6 vertices each of degree 4 has eight plane
faces(a.k.a regions) in a plane representation of graph G.

¢ (b) If G is a conuected planar simple graph then G has a vertex of degree at
most H.

(¢) G be a planar graph with n vertices m edges and f faces then f =
m—n+ 3.

¢ (d) K, and Q4 are planar.
Which of the above statements are true?
(i) None of the above are true.
‘/(1(1) Only (a), (b) and (d) are truc.
(iif) All the above are true.

(iv) Only (c) and (d) are true.

7. Let T be a tree with n vertices. Consider the following statements:

*(a) T has no cycles and n — 1 edges.
(b) There are edges in 7" that are not cut edges. Cut edges are those whose
removal disconnects the tree.
(¢) There are vertices in T' that are connected by more that one path.
o (1) T contains no cycle but addition of any new cdge creates exactly one
cycle.

Which of the above statements are true?

(i) None of the above are true.
(ii) Only (a), (b) and (d) are truc.
Hh) Only (a) and (d) are true. ’S
' | A,
(iv) All the above are true. Xl([rﬁ 6( )

8. Recall that x(G) is the chromatic munber of a graph G which is the simallest
munber of colors needed to color the vertices of G so that no two adjacent
vertices get the same color. Let us denote by x'(G) the edge-chromatic number
of a graph G which is smallest number of colors necessary to color cach edge
of G such that no two edges incident on the same vertex have the same color.
Now, consider the following statements:

(a) (@) < x(G) for any graph G. [Hint: Consider G = I,].
o A ﬂ &
¢ (L) Y'(G) = A(G) where A(G) is the maximum degree of any vertex in G \.ﬁ
o (¢) The edge-chromatic number of a cycle on n vertices is 3 when 7 is odd. 6

2 (d) When G is a graph with n vertices no more than r/2 edges can be colored
with same color such that any two edges incident on the sane vertex get
different colors. {Hint: Use matchings]

Which of the above statements are true?



(i) Ouly (b) and (d) are true.
AN Only (D). (¢) and (d) are true,
(iii) Only (b) and (¢) are true,

(iv) All the above are tme.

9. A graph property retained whenever edges are added to a simple graph (witl-
out adding vertices) is called monotone increasing aud a property that is
retained whenever edges are removed from a simple graph (without renioving
vertices) is called monotone decreasing. Consider the following statements:

" (a) A graph being connected is a monotone increasing property.
Y (b) A graph being non-connected is a monotonc decrcasing property.
(¢) A graph being planar is a monotone increasing property.
v (d) A graph being Hamiltonian(i.c., having a hamiltonian cyvele) is a mono-

tone increasing property.

Which of the above statements are true?

(i) Only (b) and (d) are true.
(i) Ouly (b), (c) and (d) are true.
iii) Only (a). (b) and (d) are true.
(iv) All the above are true.
10. A traveling agent has to visit four cities, each of them five times. In how

many dilferent ways can he do this if he is not allowed to start and finish in
the same city?
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(iv) Noue of the above.

1. In how many different ways can we place ci ght identical rooks on
so that no two of them attack each other?

a chess board

\
. S—\ = \)o ‘D‘C; ]
(i) 40000. . ~ _t
\ <7 "0
s c\\q - . WP . et = 'y 2
(i) 40850. g L * 7S A
) 40320 A = oo o
5 W =4oz2e IO
(iv) None of the above. g

12. How many ways are there to list the digits {1,2,2,3,4,5,6} so that identical

digits are not in consecutive positions? 92 35v
¢ é\ _——/EE
(i) 2000, = ), =
2} 9 520 -0
47) 1800, ey

(iii) 2520, ©0



(iv) None of the above.

13. A simple closed form generating function of the sequence defined by a, =
nZ(n > 0) would be

92%1)“: P a0k - -

(i) x/(1 —x)
v(fﬁﬁ‘(.r +1)/(1 — a)®. . it o
(i) (1 4+2)/(1 —a)®. (™4 a(#(1") = AT P

(iv) None of the above. —:ﬁ

14. Let f(n) be the number of subsets of [n] in which the distance of any two
clements is at, least three. A correct recurrence relation for f(n) would be
TR i O
(i) f(n)=f(n—=2)+ f(n—3). _’,I?%._ o+ '(TTJTB
(i) f(n) = fln—=1)+ f(n —2). -9 Lt
\,(ﬁ/i) f(n)=f(n—1)+ f(n—=23). . T-w) >

(iv) None of the above.

e (l-r)~>= d#adt 2% Y- -

15. We select an element of {1.2,--- 100} at random. Let A be the event that
this integer is divisible by three and 3 be the event that this integer is divisible

M < H gy A ) 8} ‘? (—
by 7. Are A, B independent’ B \ug® h) 92
(?CA? = - —
ik iy \oO oo
(i) Yes.
i1) No. | P = f\[fl";; i
iii) Insufficient information. 3
(i) OCAR) = £
SECTION B. SUBJECTIVE QUESTIONS.
7
adn),
2/ (345 points) Prove the following statements: o = )

(('k)’ n is prime if and only if ¢(n) =n — 1.

n is prime if and only if (n — 1)! = —1 (mod n).

y ./(44—2.5+-2.5 points) Use the number theory tools developed in class to show

the fpllowing: © ¢
4) If @ = b (mod n) then for all ¢ > 0 such that ela and e|b, prove that ~e°

a = b n .
e = (mod ): (P\"OVL Folaly f“wﬁ%uft "J"?/n‘fh"n 4,

ged(n,c) )
%,') Estimate 3% (mod 100). r

] Use Fermat's Little Theorem to find the last digit of 3'%.

3. (2414141424242 points) The degree sequence of a graplh is the segquence of
degrees of the vertices of the graph in non-deereasing order.

s neresoy ©

M What is the degree sequence of the complete graph K7



(L) How many edges does a graph have if the degree sequence is 5.2, 2. 2.
(¢) Canthere be a stple graph with the degree sequence 6.5, 5. 4, 3. 3. 3.2,27
Ld) Can there be a simple graph with the degree sequence 7,6,4. 3.3, 27

2(4) Can there be a simple graph with the degree sequence 3.1, 1,07 I ves.

draw such a simple graph.

M) The complementary graph of G (denoted by G)has the same set of vertices
as G and two vertices in G are adjacent if and only if they are non-
adjacent in G. If the degree sequence of a graph G is dy. ds, ..
what is the degree sequence of the Conlplmnonhm araph G7?

@ Suppose there exists a simple graph with degree sequence dy, ds. . . .. d,
then show that there is a simple graph with degree sequence do — 1

L..odgiey — 1dgyeo. ... d,,

/ ) (4 points) In a 2n x 2n chessboard there are n rooks in each row and n

rooks in each column of the board. Show that there exists 2n rooks that
belong to pairwise distinet rows and columnns. RettS Thevem; Ot wabhing.

.d,, then

) (4 points) Prove that every tournament has a Hamiltonian path. Recall
that a tournament is a directed graph obtained by assignin

g a direction
for each edge in an undirected complete graph. Tndethon .

5. (4 points) Let A be an n x n(n > 2) matrix with 0,1 entries, and at least 2n -
entries arc equal to 1. Prove that A contains two entries equal to 1 so that iz
one of them is strictly above and strictly on the right of the other. Cencali « e .

waipn
(1 points) How many ways are there to select a subset S C [15] such that S et
does not have two distinet elements a and b for which a + b is divisible by 37
7. (1 points) Let a, be the number of permutations of length n in which the
entry i is never immediately followed by the entry i + 1. Prove that for n > 3. ) B
the .r(*e(,-urron(-e relation a,, = (n — Da,—y + (n — 2)a, 0. pTE Rvh !

(4 poims) Prove that there is a tournament on n vertices that contains al
least 575 Hamiltonian paths.



