
Algebra 2, Jan–May 2022,Midterm exam
2022-Mar-15, 09:30-12:00 IST.

Please see the Instructions file in moodle for instructions. If you have questions, please ask in
zoom. Submission deadlines: scans to be sent to my gmail address by 12:10; upload to moodle by 12:45.

�is exam is worth 150 marks.
Contribution towards your final grade calculation: your marks × 30/150.
Version: 0db5ee3bab42aaf12317e168309f9739d9df1b08fc9db0860073693bf6f027c3

1. Please read all the questions; some questions may contain hints for other questions.

2. Please write your roll number on all the pages.

3. Please provide justification for all your answers including the True/False questions.

4. Youmayuse results from the lectures and the textbook thatwere proved in class, orwere included
in the exercises, unless solving the exercise is the content of a question in this exam.

Notation

1. N, Z,R,C : the set (or field, if applicable) of non-negative integers {0, 1, . . . , }, of integers, of real
numbers, of complex numbers.

2. 𝐹 a field, typicallyR orC

3. 𝑉 a finite-dimensional vector space over 𝐹 .

4. 𝑝𝑇 (𝑡), 𝑝𝐴 (𝑡): characteristic polynomial of a linear map𝑇 or a matrix𝐴.

5. 𝑚𝑇 (𝑡),𝑚𝐴 (𝑡): minimal polynomial of a linear map𝑇 or a matrix𝐴.

Questions

1. (15 marks) Let𝐴 be a real square matrix with𝐴𝑡 = −𝐴. Prove or disprove the following statement:
�e form x𝑡𝐴2y is negative definite.

2. (5 marks) True/False: Let𝐴 be a diagonalizable 3×3matrix. Let 𝑓 (𝑋 ) = 𝑋 17+3𝑋 . �endeg𝑚𝐴 (𝑡) =
deg𝑚𝑓 (𝐴) (𝑡).

3. A group𝐺 is said to be cyclic if there exists𝑔 ∈ 𝐺 such that𝐺 = {𝑒, 𝑔, 𝑔−1, 𝑔2, 𝑔−2, 𝑔3, 𝑔−3, . . .}.
(a) (5 marks) Using an appropriate proposition from Artin, Chapter 2, show that every subgroup

of𝐺 is cyclic.

(b) (5 marks) Show that if 𝜙 : 𝐺 → 𝐺 ′ is a surjective homomorphism, then𝐺 ′ is cyclic.

(c) (5 marks) Show that the Klein four group (with the description given in Equation (2.4.4) in
Artin Chapter 2) is Abelian but not cyclic.

4. (15 marks) Let𝐴 be a 2 × 2 real matrix with eigenvalues 2 and −1. Show that there is a proper sub-
space𝑊 of R2 such that for all vectors x ∈ R2 r𝑊 , the sequence 2−𝑘𝐴𝑘x, 𝑘 ≥ 1 converges to an
eigenvector of𝐴. (Distance between two vectors 𝑣,𝑤 is the Euclidean length of 𝑣 −𝑤 .)

5. Let𝐴 be a 3 × 3 real symmetric matrix with eigenvalues 1, 0,−1. Determine which of the following
statements are true.



(a) (5 marks) ker𝐴 ∩ Im(𝐴) = {0}.
(b) (5 marks) ker𝐴 ⊥ Im(𝐴).
(c) (5 marks) 𝑣 ⊥ 𝐴𝑣 for all 𝑣 ∈ R3.

6. Let𝑇,𝑇 ′ be linear operators on a finite-dimensional complex vector space𝑉 . Say that𝑇 and𝑇 ′ are
friendly if there exists a basis of𝑉 in which both𝑇 and𝑇 ′ are given by diagonal matrices.

(a) (15 marks) Assume that𝑇 and𝑇 ′ are diagonalizable. Show that they are friendly if and only if
𝑇𝑇 ′ = 𝑇 ′𝑇 .

(b) (5 marks) Show that one of the directions of the above “if and only if” statement does not hold
if we drop the hypothesis that𝑇 and𝑇 ′ are diagonalizable.

7. (15 marks) Show that the function
𝜙 : 𝑆𝑛 → GL𝑛 (Q)

with 𝜙 (𝜎) = (𝑎𝑖, 𝑗 ) where for each 1 ≤ 𝑖 ≤ 𝑛,

𝑎𝑖, 𝑗 =

{
1, if 𝑗 = 𝜎 (𝑖)
0, otherwise.

is an injective group homomorphism.

8. Let𝑉 be the real vector space of polynomials of degree atmost 2. Let 〈−,−〉 be the symmetric bilin-
ear form ∫ 1

0
𝑓 (𝑥)𝑔(𝑥)d𝑥

(a) (10 marks) Determine the matrix of the formwith respect to the basis {1, 𝑥, 𝑥2}.
(b) (10 marks) Do the Gram-Schmidt orthonormisation process to the basis {1, 𝑥, 𝑥2} and get an

orthonormal basis of𝑉 .

9. (15 marks) Let𝐴 and 𝐵 be 3 × 5 and 5 × 3 matrices respectively. Show that

{𝜆 | 𝜆 ≠ 0, 𝜆 is an eigenvalue of𝐴𝐵} = {𝜆 | 𝜆 ≠ 0, 𝜆 is an eigenvalue of 𝐵𝐴}

10. (5 marks) Consider the bilinear form onR2 given by the matrix[
0 0
0 −1

]
Find a subspace𝑊 such that𝑊 ≠ (𝑊 ⊥)⊥ with respect to this form.

11. (10 marks) Let𝑇 be a normal operator on a complex vector space𝑉 . Prove or disprove the following
statement:𝑇 is Hermitian if and only if its eigenvalues are real.
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