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(1) For d any non-negative integer, let P; denote the vector space of poly-
nomial functions P : R — R, of degree < d. Thus, a function P € Py is of the
form

P(x) = ag+a1x + - + aga®

where aq, ..., a4 are real numbers.
(a) [1] What is the dimension of P;?
(b) [8] Consider the map Py — R? given by
P (P(0),P(0) + P'(0))

where P’ denotes the derivative of P. Is this map surjective? Let K
denote the kernel of this map. What is the dimension of K7 Exhibit a
subspace K c P, such that Py = K & K. Exhibit a basis for K.

(2) [4] Let V be a real vector space and suppose dim V = 10. Suppose
given 2 linear maps A1, A2 from V to R. Prove that the set

W ={veV|Ai(v) =0, and X2(v) =0}

is a subspace of V. What are the maximum and minimum possible dimen-
sions of W7

(3) Let V be a finite-dimensional real vector space. The set V of linear
maps A: V — R is a vector space, with A; + Ay defined by

()\1 + )\2)(’0) = )\1(1)) + )\2(1}), veV
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and so on. (This vector space V is called the dual of V)
(a) [2] Prove that V is also finite-dimensional, and in fact dim V = dimV.

(b) [6] If V is a direct sum of two subspaces V; and Va, prove that V is a
direct sum of the subspaces

Viz={veV[Av)=0VXelh}
Vo={veV[A(v)=0VAeV;}
What are the dimensions of V7, V5 in terms of the dimensions of Vl and
Va?
(4) [7] Consider the matrix

0 1 0 0 0 0 07
001 00O0O
0 001 00O
T={0 0 0 01 00
0 00 0O0T1FQ O
000 O0O0O01
| 0O 0 00 0 0 O

Describe ker(T) and image(T"), where T': My, — My is the map T'(%) =
T0. (M7x1 is the space of column vectors of length 7).

What is

T =To-.0T ?
|
7 times

Hint: Consider the action of 7" on the vectors of the standard basis of M1

(5) [71 Write the system of equations

/

V1 = 'UQ

A

UQ = 'U3

o
Ug = UIO

14

V10 = V1

in matrix form

o o

Av =70

where ¢ and ¥’ are column vectors. (In other words, find the matrix A.)
What is the inverse matrix A='? What is the matrix
A= Ao...04
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