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(1) [4 marks] Without using matrices, exhibit a linear map N :V — V on
a 7-dimensional vector space V such that the vector spaces in the following
sequence

VoN(V)>N)(V)>N3(V) o> NY(V)
have dimensions 7,5,3,1,0.

(2) [2+2 marks] Let A:V — V be a linear map, with V an n-dimensional
complex vector space.

(a) If the characteristic polynomial p ;(t) has a root A\ with multiplicity 2,

then A has at least two linearly independent eigenvectors with eigen-
value A. True or false?

(b) if A has two linearly independent eigenvectors with eigenvalue A, then
A is a root of p 4(t) and the multiplicity of A is at least two. True or
false?

Give short explanations for your choices.

(3) 5 marks] Let n be a natural number, and p, the set of n'® roots of
unity:
12

] 2T
n

pn = {1,&,6%,...,€" 1}, where £ =e

Let V' be the complex vector space of complex valued functions f: p, - C.
Let 7:V - V be the map Tf(¢') = f(€71). Find the eigenvalues of 7.
Compute det T.

(4) Let V' be a n-dimensional complex vector space, and A:V >V alinear
map. Suppose that
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There exists an integer m > 0 such that A™ (%) = o for all ¥ € V, and

(b) pi(t) = (=)

[7 marks] Prove that A = &1y (You can try the simpler case n =2 and
¢ =1 for a mazimum of [4 marks].)

[1 mark] What can you say about &7

(5) For any n x n matrix A, let A: M,x, = M, be the linear map

(a)
(b)

A(C)=AC-CA
[1 mark] Prove that det A = 0.

Recall that the trace of a square matrix is the sum of its diagonal entries.
If this is zero, we say that the matrix is traceless. Let M3, 5 ¢ Moy be
the subspace of traceless 2 x 2 matrices.

~ [1 mark] What is dim M3, ,?

— [1 mark] Show that for any 2 x 2 matrix B, the image of the corre-
sponding map B : Mayo - Moy is contained in ngz- (To be explicit:
B(C)=BC-CB.)

— [3 marks] By the previous question, for any B, the restriction of B
to MY, gives a linear map Bl MY, 5 > MY ,. Let By denote the

matrix
0 1
1 0

[3 marks] If A; is the matrix
0
1

Compute det By |M(2)><2.

10

0 0
0 01

determine the eigenvalues of the corresponding map A; : Msyz —

Msys. (This problem might need some computations; perhaps you could
do this at the end.)



