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1 Continued fractions

1.1 Finite continued fractions

We shall describe the function

(xo,21,...,25) = xo + ! N
T+
Ty +
' 1
i 1
Tj1+ l’_J
in j+ 1 variables g, 1, ...,2; € R as a finite continued fraction, or, when there is no risk

of ambiguity, simply as a continued fraction. Such a finite continued fraction is called
simple if all the z;’s are integers. It is obvious that

1 1
T = (%o, T1, .-, Tj—2, Tj—1 + —
<l‘1,...,1’j> mj

Below we see the simple continued fraction expansion of rational numbers.

<I0,I‘1,...,l‘j> :$0+

1.2 The Euclidean algorithm

Given any rational number wug/u; so that (ug, u1) = 1 and u; > 0, by Euclidean algorithm,
we have

Ug = U1Gg + U, 0<uy <

Ul = UG + Uz, 0 < us < us

Uy = UsAo + Uy, 0<uy <us (1)
Uj—1 = UjAj—1 + Uj+1, 0< Ujpr1 < Uy

Uj = Uji10;

We write & = u;/u;11 for all values in the range 0 < ¢ < j, the equations (1) become

§i=a;+ , 0<i<i—-1; & =aj (2)

§it1
Taking the first two of the equations of (2), i.e. those for which ¢ = 0 and i = 1, and
eliminate &;, we have

§o=ao+
ai + é
Here we replace & by its value from (2) and then continue replacing &3, &y, ... to get
U 1
U1 1
a; +
a9 + .
N 1
N 1
a;_1 —
j a;



This is a continued fraction expansion of {, = wug/u;. The integers a; are called the
partial quotients since they are the quotients in the repeated application of the division
algorithm in equations (1).

1.3 Uniqueness

We saw that any such fraction as 51/22 can be expanded into a simple continued fraction,
51/22 = (2,3,7). It can be verified that 51/22 can also be expressed as (2,3,6, 1), but it
turns out that these are the only two representations of 51/22. In general, we note that

the simple continued fraction expansion (3) has an alternate form,
Uo
u— = <CLO, ai,...,0a;-1, CL]‘> = <(10, ary...,05-1,0; — ]_, ]_> (4)
1

The following result establishes that these are the only two simple continued fraction
expansions of a fixed rational number.

Theorem 1. If(ag,a,...,a;) = (bo, b1, ..., b,) where these finite continued fractions are
simple, and if a; > 1 and b, > 1, then j =n and a; = b; fori=1,2,...,n.
Proof. We write y; for the continued fraction (b;, b;y1,...,b,) and observe that
1
i = (i, big1, ..., 0p) = bi + =b; + b}
i = b b > (bit1,bit2,- -5 bn) Yit1 )

Thus we have y; > b; and y; > 1 forv=1,2,...,n— 1, and y, = b, > 1. Consequently,
we have b; = [y;] for all values of ¢ in the range 0 < i < n. Using the notation of equation
(3), we have yo = &. We have, & = w;/u; 11 > 1 for all values of i > 0 and so a; = [§;] for
0 <i < j. Now, by = [yo] = [{0] = ap. By equations (2) and (5), we have

1 1
—=&—a=y—bh=— = &=y, a=[E]=wn =

&1 hn
We use induction as follows. Assume that & = y; and a; = by. We use equations (2)
and (5) again to write

1 1
— =& -, =Yp — by = —— = &it1 = Yn+t1,
Ekt1 Yk+1
k1 = [Err1] = [Yrr1] = bepa

It must also follow that the continued fractions have the same length, i.e., that j = n,
because if j < n then by equation (2), we have {; = a; and by equation (5), we have
y; > b; which contradicts the fact that §; = y;, a; = b;. Similar argument holds for j > n,

and thus 7 = n. O

Theorem 2. Any finite simple continued fraction represents a rational number. Con-
versely, any rational number can be expressed as a finite simple continued fraction, and
i exactly two ways.

Proof. The first assertion can be established by induction on the number of terms in the
continued fraction, by use of the formula
1 ao((al,ag,...,aj>)+1

agp, i, ...,Qa;) = ag + =
<07 1, ) ]> 0 <a17a2""7aj> <a1,a2,...,a]‘>

The second assertion follows from the development of ug/u; into a finite simple continued
fraction in Section 1.2, together with equation (4) and Theorem 1. O
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1.4 Infinite continued fractions

Let ag, a1, as, ... be an infinite sequence with ag € Z and a;, as, - -- € Z*. We define two
sequences of integers {h,} and {k,} inductively as follows:

h_2 = O, h_l = 17 hl = aihi_l + hi_g for i Z 0
k,Q = 1, k,1 = O, kl = aik‘ifl + ki,Q for ¢ >0

(6)

We note that kozl,lﬁ:al > 1:]€0,]€2>k1,]{?3>l{72 so that
l=ky<ki<ks<ks<---<k,<---

Theorem 3. For any x € RT,

< > xhn—l + hn—2
ag, A1, Ay 1, L) = ———————
0, U1, ) 1 Ikn_l +k5n_2
Proof. For n = 0, we have the equation

xh_i1 + h_9

T Tk Ak
which is true by equations (6). We have,

( > N 1 zag+1 zxhy+h_y
Qa, T = Q —_ = =
0 0Ty x xko + k_q

i.e., the theorem is true for n = 1. We establish the theorem in general by induction.
Assuming that the theorem holds for (ag, ay,...,a,_1,2), we have

1
(ag,ay, ..., an, ) = <a0,a1, e O, Gy + ;>
~(an+1/2) Ry A hyo
" (an F1/2) ko A s
x(anhp—1+ hp—2) + hp_1
x(ankn—1 + kn—2) + kn_1
xhy, + by
xky + knq

and hence the theorem is proved. O

Theorem 4. Ifr, def (ag,ay,...,a,) ¥ n >0, then r, = hy,/k,.

Proof. Using Theorem 3 and equations (6), we have

anhn—l + hn—? o h

n
rn = {ag,a1,...,a,) = =—
n < 0, Y1, ) n> anknfl + kn72 kn
and we are done. O]
We call (ag,a1,...,a,) = hy/k, = 7, the n'" convergent to the infinite continued
fraction (ag, a, as,...). In the case of a finite simple continued fraction, we similarly call
the number (ag, ay,...,a,) (0 <n < j) the n'™ convergent to {(ag,a,...,a;).
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Theorem 5. The following equations hold for i > 1:
hiki—1 — hi_k; = (—1)%1
(_1)1'71

S

hiki—s — hi—ok; = (—1)"a;
—1 Z'CLZ'

Ty —Ti—2 = —(kik3—2

The fraction h;/k; is reduced, i.e., (h;, k;) = 1.

Proof. The equations (6) imply that h_1k_o — h_ok_; = 1. We use induction. Assuming
that h;k;_y — h;_1k; = (—1)*"! and using equations (6), we have

hi+1ki - hiki—H = (ai—i-lhi + hi—1)k’i - hi(az‘+1]€i + ki—l) = _(hiki—l - hi—lk’i) = (—1)i

This proves the first result and dividing this by k;k;_; and using Theorem 4, we get the
second result. The third result is proved below.

hiki—o — hi—oki = (aihi—1 + hi—2)ki—o — hi—a(aiki—1 + ki—2)
= (hi—lki—2 - hi—2ki—1)ai
= ()" = (-1)'a;
Dividing the third result by k;k;_» and using Theorem 4, we get the fourth result. Fur-

thermore, the fraction h;/k; is reduced since by the first result, any common factor of h;
and k; is also a factor of (—1)"1. O

Theorem 6. The even convergents rop, increase strictly with m, while the odd convergents
rom+1 decrease strictly, and every odd convergent is greater than any even convergent, i.e.,
the values r,, satisfy the infinite chain of inequalities

o <P <1y <rg< - <1y <r5<ry3<nm

and every rop is less than every rog—1. Furthermore, lim r, ewists and for every m > 0,
n—oo

Tom < lm 7, < Tomi1
n—oo

Proof. Since a; > 0 and k; > 0 for ¢ > 1 and ¢ > 0 respectively, thus using the second
and fourth results of Theorem 5, we have

Tom < T2m—1,T2m < Tom+2 and ram_1 > Tomin
Using these results, we prove that ry, < 79,1 as follows.
Top < Topy2g < T2py2g—1 < T2g-1

Thus, we have proved the desired infinite chain of inequalities.
The sequence {rg,} is monotonically increasing and is bounded above by 7, and so

lim g, exists. Analogously, {ra,1} is monotonously decreasing and is bounded above
m—r0o0

by rg, and so lim 79,1 also exists. Also, k; >4 V i > 1 since
m—00

1:]{?0§k1<l{?2<k33<"'<k’n<"'



and so by the second result of Theorem 5, we have

0< (=™ < L
Tom — Tom = >
= 2mtl 2 k2m+1k2m 2m(2m + ].)

As m — 0o, ——— — 0 and so by Squeeze theorem, we have
2m(2m + 1)

lim 7o, = lim 79,41

m—0o0 m—0o0
and hence lim r, exists and ry,, < lim r, < 79,1 for every m > 0. O

n—00 n—00
Definition 1. An infinite sequence ag, a;, as, ... with ag € Z and aq, as,--- € Z™ deter-
mines an infinite simple continued fraction (ag, a1, as, . ..) with value
def .
(ag,ay,as,...) = lim r,
n—oo

Theorem 7. The value of any infinite simple continued fraction {(ag, a1, as,...) is irra-
tional.

Proof. Writing 6 = (ag, a1, as, . .. ), we observe by Theorem 6 that 6 lies between 7, and
Tni1, SO that 0 < |0 — r,| < |rpy1 — rn|. Multiplying by &, and making use of the result
from Theorem 5 that |r,41 — 7| = 1/knkpy1, we have

1
0 < [knd — hp| < ——
kn—l—l

Now suppose that 6 were rational, say § = a/b with a,b € Z, b > 0. Then multiplying
the above equation by b, we have

b

kn—i—l

0 < |kna — hyb| <
The integers k,, increase with n, so we could choose n sufficiently large so that b < k;, 1.
Then the integer |k,a — h,b| would lie between 0 and 1, which is impossible. O

Lemma 1. Let 0 = (ag,a1,as,...) be a simple continued fraction. Then ay = [0].
Furthermore, if 6, denotes (ay,as,as,...), then 0 = ag+ 1/0;.

Proof. By Theorem 6, we see that 1y < 6 < ry, i.e., ag < 0 < ap + 1/a;. Since a; > 1, so
ap < 0 < ap+ 1 and hence [0] = ay. Also,

n—oo n—oo

1 +1
= —_
0 0,

1
0= i o ap) = i
im (ag, a1, . .., an) v <a0+ (a1, as, ’an>)

= Qo + hm
n—00 <CL1,CI/2, s 7an>

O
Theorem 8. Two distinct infinite simple continued fractions converge to different values.

Proof. Let {(ag,ay,as,...) and (by, b1, ba,...) = 6. Then by Lemma 1, ag = [0] = by and

1
0=ay+-————=by+ ——
O lar,as, .. 0 (b b, .. )
Hence (aj,as,...) = (b1, be,...). Repetition of the argument gives a; = by, and so by
induction, a,, = b, V n. O



1.5 Irrational numbers

We have shown that any infinite simple continued fraction represents an irrational num-
ber. Conversely, if we begin with an irrational number £, or &, we can expand it into an
infinite simple continued fraction. To do this we define ay = [£],&1 = 1/(§0 — ao) and
next a; = [£1],& = 1/(& — a1), and so by an inductive definition,

1
fz‘—az‘

The a; are integers by definition, and the §; are all irrational since the irrationality of &;
is implied by that of &y, that of & by that of &, and so on. Furthermore, a; > 1 for ¢ > 1
because a; 1 = [§;_1] and the fact that &_; is irrational implies that

(7)

a; = [fz‘]a Siv1 =

a1 < &1 < aj—1 + 1, 0<&1—ai1 <1,

1

=—>1, a=[>1
52‘—1—6%—1 [5]

&i
Theorem 9. With & as defined in equation (7), we have
(ag,ai,...) = {(ag,a1,as,...,an_1,&) =& and &, = (an, Gpi1, Gpio,- .. )

Proof. With repeated application of equation (7) in the form & = a; + 1/&;, we get

5260:a0+l: (ao, &)
&1

— <a0,a1 + §i> = <CL07(11,€2>

2

1
= <a07 A1y ..., p—9,an_1 + _> = <a07 ayy ... 7an—17€n>
&n
Now, to prove that £ = & is the value of the infinite continued fraction (ag,a;,as...)
determined by the integers a;, we use Theorem 3 to write

o fnhnfl + hn72
B gnkn—l + kn—? (8)

g = <6L0,CL17 cee aan—1a§n>

with h; and k; as defined in equations (6). By Theorem 5, we have

gnhnfl + han hnfl
g —Tn-1= -
fnk‘nfl + kan knfl
_ _(hnflkan - h/nf2kn71) _ (_1)n—1
kn—l(&nkn—l + kn—2) kn—l(ﬁnkn—l + kn—2)

(-1

knfl(énknfl + kan)
¢ —rp—1 — 0 as n — oo and then by Definition 1, we have

As n — oo, — 0 because {k,} is increasing and &, > 0. Hence,

¢ = lim r, = lim (ag, a1, ..., an) = {ag,a1,as,...) = {ag,as,as,...,a,-1,&,)
n—oo n—oo
With repeated application of equation (7) for &,, we get the other equation. O
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1.6 Approximations to irrational numbers

Continuing to use the notation of the preceding sections, we now show that the conver-
gents r, = h,/k, form a sequence of “best” rational approximations to the irrational
number &.

Theorem 10. We have for n > 0,
hy,
-3

Proof. Using the result

and |k, — hy| < —

<
kn+1

1
kn kn—l—l

(_1>n—1
kn71<€nknfl + knf2>
(where r,, = h, /k,) from the proof of Theorem 9 and also using equation (7), we have
h, 1 1
= :
kn kn(£n+lkn + kn—l) kn(an—l—lkn + kn—l)

Now using equation (6), we get

f_rn—l =

I, 1
-1
kn knkn+1

Multiplying this inequality by k,,, we get the second inequality. O

<

Theorem 11. The convergents hy [k, are successively closer to &, i.e.,

hn hnfl
- < I
gl <l
In fact the stronger inequality |k, — hy| < |Ekp—1 — hp—1| holds.
Proof. We use k,,_1 < k, to write

I, 1 1
‘f TRl k—n|§kn — hn| < k—n|§/€nf1 — Py
1 hnfl
< bl = e 2
= Ekn—1 1= ¢ P

To prove the stronger inequality, we observe that by equation (7), a, +1 > &, and
therefore by equation (6), we have

Enkn1 + kno < (an+ D)ky1+ kn_o
=kp+ ko1 < apirkn + ko1 = knia
This inequality along with the inequality
hn (—1)nt

AT TR TR (3 S oy
gives the following inequality
ha| 1 1
‘5 okl Fn1(&nkn—1+ kn_2) ~ kn—1kni1

Multiplying by k,_; and using Theorem 10, we get

1
ygknfl - hnfly > k‘ > ’fkn - hn’

n+1



This means that the convergent h,, /k, is the best approximation to £ of all the rational
fractions with denominator k, or less. The following theorem states this in a different
way.

Theorem 12. If a/b is a rational number with b > 0 such that

a hy,
1
for some n > 1, then b > k,. In fact if |£b — a| < |k, — hy| forn >0, then b > kyyq.

Proof. First we prove that the second part of the theorem implies the first. Suppose that
the first part is false so that there is a rational a/b with

and b <k,

h
Ky,

Taking the product of these two inequalities, we get

e=5l<le-%

[€b — af < [€kn — hn]

But the second part of the theorem says that this implies b > k, 11, so we have a contra-
diction, since k, < k,41 for n > 1.

To prove the second part of the theorem we proceed again by indirect argument,
assuming that |£b — a| < |k, — hy,| and b < k,,;. We consider the following linear
equations in z and v,

xk, + yk,s1 =0 and zxh, +yh,1 =a

By Theorem 5, the determinants of coefficients is +1, and consequently these equations
have an integral solution z,y. Also, neither x nor y is zero because if x = 0, then
b=yk,,1 = y>0andb>k,, 1, in contradiction to b < k,, 1. If y =0, then a = xh,
and b = xk,, and

€ — a| = [Exk, — 2hy| = [2]|Ekn — ha| > [kn — hyl

and again we have a contradiction.

Next we prove that x and y have opposite signs. If y < 0, then zk,, = b—yk, 1 shows
that x > 0. If y > 0, then b < k,,7 = b < yk,,1 and hence zk, is negative, whence
x < 0. It can be observed from the proof of Theorem 9 that £k, — h,, and ki1 — hpya
have opposite signs and hence z(£k,, — h,,) and y(€k, 11 — hyy1) have the same signs. Also
from the linear equations defining = and y, we get £b—a = z(&k, — hy) +y(Ekni1 — hnt1).
Since the two terms on the right have the same sign, so we have

€6 — a| = [2(§kn — hn) + Y(Ekni1 — hnta)]
T(Ekn — )| + [Y(Ekns1 — hnta)]
T

= |
> | (Skn_hn” = |x||€kn_hn| > |€kn_hn|
which is a contradiction. O

Theorem 13. Let £ be an irrational number. If there is a rational number a/b with b > 1
such that

a 1
3 <5

then a/b equals one of the convergents of the simple continued fraction expansion of €.
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Proof. 1t suffices to prove the result for the case (a,b) = 1. Let the convergents of
the simple continued fraction expansion of £ be h;/k; and suppose that a/b is not a
convergent. The nested inequality k&, < b < k, 11 determine an integer n. For this n, the
inequality |£b — a| < |€k,, — hy| is impossible due to Theorem 12. Therefore,

1 hn, 1
ks — hal < Jeb—al < 3 = |e = 7| < g
Since a/b # h, /k, and bh,, — ak, & Z, so
L [Phn —akn] (R @ e .
bk, bk, kn, b ky, b 20k,  2b?
which gives b < k,,, a contradiction. O]

Theorem 14. The n' convergent of 1/x is the reciprocal of the (n — 1)™ convergent of
x if x 1s any real number greater than 1.

Proof. We have, z = (ag,a1,...) and 1/z = (0,aq,ay,...). If h,/k, and R, /k] are the
convergents for x and 1/z respectively, then using equations (6),

h’,O = O, h/l = 1, k’o =1 and h;l = (]Jn_lh;il + h;172, l{in_l = (In_lkn_g + ]{Zn_g
Also,
]{36 = 1, kll = Qo, h(] = Qg and /{Z;L = an_lk;hl —+ ]{7272, hn—l = an_lhn_Q + hn_g

The theorem then follows from induction. O]

1.7 Periodic continued fractions

An infinite simple continued fraction (ag, a1, as,...) is said to be periodic if there is an
integer n such that a, = a,,, for all sufficiently large r. Thus a periodic continued
fraction can be written in the form

<b01b1)b27"'ubj7a01a17a27‘"7an—17-*‘7a07a17a27'”7an—17"'>
= <b0,b1,b2,...,bj,ao,al,ag,...,an_1> (9)
where the bar over ag,aq,as,...,a,_1 indicates that this block of integers is repeated

indefinitely.

Theorem 15. Any periodic simple continued fraction is a quadratic irrational number,
and conversely.

Proof. Let us write £ = (bo, b1, ba, . .., b;, @0, a1, G2, - - -, Gp_1) and 8 = (ag, a1, Gz, - - -, Gn_1)-
Thus,
0 = (ag, a1, G2, - - -5 Gpn_1) = (G0, Q1,02 . .., 0p_1,0)
Then by Theorem 3, we have
9 — Ohp—1 4+ hp—2
Okp—1+ kn—2

10



which is a quadratic equation in #. Hence 6 is either a quadratic irrational number or a
rational number, but it cannot be rational due to Theorem 7. Now, £ can be written in
terms of 6 as

Om +m/
= (by,by1,...,b;,0) = ———
g <07 1 yUgs > 0q+q,
where m//q' and m/q are the last two convergents to (by, b1, ..., b;). But 6 is a quadratic

+vb

c
To prove the converse, let us begin with any quadratic irrational £ or &, of the form

a+vb
£=¢& =
irrational). We multiply the numerator and denominator by |c| to get

ac + V'bc? —ac + Vbc?
2 2

or fg=—"75——
C —C

irrational, i.e., 6 is of the form , and hence ¢ is of a similar form.

with integers a,b,c,b > 0,¢ # 0 and b not a perfect square (since ¢ is

§o =
according as c is positive or negative. Thus, we can write £ in the form

mo—f-\/a
qo

o =

where qq | d—m? ,d, mg, q are integers, gy # 0 and d not a perfect square. By writing &, in
this form we can get a simple formulation of continued fraction expansion (ag, a1, as, . .. ).
We shall prove that the equations

q;

a; = [51]7 & =

d —m?
Mit1 = Qg — My, qi+1 = —ZH (10)
K2
define infinite sequences of integers m;, ¢;, a; and irrrationals &; in such a way that equa-
tions (7) hold, and hence we will have the continued fraction expansion of &.
We start with &y, mg, o as above and let ag = [§o]. If &, my, q;, a; are known, then we
mis +Vd d —m?
take &1 = Hq—, Mip1 = Qg — My, Gig1 = q—m> Ait1 = [Eia]-
i+l i
Now we use induction to prove that the m; and ¢; are integers such that ¢; # 0

and ¢; | d —m2. This holds for i = 0. If it is true at the i*" stage, we observe that
miy1 = a;q; — m; is an integer. Then the equation

d—mi, d—(ag—m)®* _d—m}

Qit1 = = = L+ 2a;m; — ajq;
4i 4i 4i
implies that ¢;;1 is an integer. Also, ¢;»1 # 0, because if not, then we would have
2
— My

d = mfﬂ, but d is not a perfect square. Finally, we have ¢; = , which gives
di+1

¢i+1 | d —mZ, ;. Now we verify that equations (7) hold. We have

mi—l-\/a_ \/Zl—(aiq@'—mi)_\/c_l—miﬂ

§i—a=———a; =
qi qi qi
_ d—mi, _ qiQi+1 _ L1
qZ(\/a + mi+1) qz(\/a + mi+1) n]"jl'l——"_\/a §i+1
i+1

11



and hence equations (7) hold and so we have proved that & = (ag, ay,as, ...) with a; as
defined in equation (10).
We denote by &, the conjugate of &, i.e.,

Taking conjugates in equation (8), we get

5/ _ S;Lhn—l + hn—2
0 ggkn—l + kn—2

Solving this equation for ¢/, we have

N kn—Q (56 - hn—Q/kn—Q)
knfl 56 - hnfl/knfl

As n tends to infinity, both h,_1/k, 1 = 1,1 and h,_o/k, o = r,_5 tend to &y, which is
different from & and hence the fraction in parenthesis tends to 1. Thus for sufficiently
large n, say n > N where N is fixed, the fraction in parentheses is positive, and £, is
negative. But &, is positive for n > 1 and hence &, — &, > 0 for n > N. Therefore, using
equation (10), we have 2v/d/q, > 0 and hence ¢, > 0 for n > N. It also follows from
equation (10) that

& =

qndn+1 = d— mi.ﬂ < d: dn < Andn+1 < d

miJrl < miJrl + Gnn+1 = d, ’anrl’ < \/a

for n > N. Since d is a fixed positive integer, we conclude that ¢, and m,,; can assume
only a fixed number of possible values for n > N. Hence the ordered pairs (m,, g,) can
assume only a fixed number of possible pair values for n > N, and so there exist distinct
integers j and k such that m; = my, and ¢; = ¢z. WLOG, assume j < k. Then equations
(10) give &; = & and hence

50 = <a07 A1y ev ey Aj1, Gy Ajp1s - - 7ak71>
i.e., any quadratic irrational can be written as a periodic simple continued fraction. [

Definition 2. Infinite continued fractions of the form (ag,ay, ..., a,) are called purely
periodic continued fractions.

Theorem 16. The continued fraction expansion of the quadratic irrational number & is
purely periodic if and only if £ > 1 and —1 < & < 0, where & denotes the conjugate of &.

Proof. Consider an irrational number £ = £, such that £ > 1 and —1 < £’ < 0. Taking
conjugates in equation (7), we get

1

— =& —a (11)
i+1

Now a; > 1 for all i > 0 (even for i = 0 since § > = ag = [{g] > 1). Since —1 < ¢ <0,
and if & < 0, then 1/¢,, < —1, and we have —1 < {/,; < 0. Therefore, by induction
hypothesis, —1 < &/ < 0 for all i > 0. Hence, equation (11) gives

0<—

—a; <1 = aq; < —

1
<ag;+1 = a; = |: :|
i1 it

§i+1

12



Now & = &, is a quadratic irrational and hence by Theorem 15 has a periodic simple
continued fraction expansion, i.e., {; = & for some integers j and k with 0 < j < k.

Then we have & = & and
1 1
£ &

1
§j-1=aj 1+ — =ap1+— =&

& Sk

Thus, {; = & = &1 = §k—1. A j-fold iteration of this implication gives us

=28 = &—j = (G0, a1, .-, Qr—j—1)

i.e., the continued fraction expansion of a quadratic irrational number is purely periodic.
To prove the converse, we assume that £ is purely periodic, say £ = (ag, a1, - -, Gn_1),
where a;’s are positive integers. Then £ > ag > 1 and by equation (8), we have

o ghn—l + hn—2

§=(ap,a1,...,0,-1,§) = oyt s

Thus € is a root of the quadratic equation
f(ZE) = I'th_g + w(kn—Z - hn—l) - hn—2 =0

which has two roots £ and &'. Since £ > 1, we only need to prove that f(x) has a root
between —1 and 0 in order to establish that —1 < & < 0. We shall do this by showing
that f(—1) and f(0) have opposite signs. We observe that f(0) = —h,_o < 0, since
a; > 0 for ¢ > 0. Also for n > 1, we have

f(=1)=kn1—kno+h,1—hyo
= (hp—1+ kn—1) — (hpn—2 + kn—2)
= (an-1hn—2 + hyp—g + an_1kn—o + kn_3) — (hn—2 + ky—2)
= (hn—2 + kpn2)(an-1 —1) + (hn-3 + ky_3)
> hp3+kn3>0

and hence we are done. ]

1.8 Continued fraction expansions of square roots

We want the continued fraction expansion of v/d for a positive integer d not a perfect
square. We start with the closely related irrational number v/d + [\/c_l] = & = &, say.
Then clearly, ¢ > 1 and —1 < & = [V/d] —d < 0 and therefore by Theorem 16, the
continued fraction expansion of ¢ is purely periodic, say

¢ =Vd+ [Vd = (@, a5 a1) = (a0, @, s, 61, Go) (12)
We can suppose that we have chosen r to be the smallest integer for which ¢ has an

expansion of the form as in equation (12). We note that & = (a;,a;11,...) is purely
periodic for all 7 and that &, = &, = ---. Also, & # & for all i = 1,2,...,r — 1, because
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otherwise there would be a shorter period. Therefore, & = &, if and only if ¢ is of the
form jr for some j.

Now we can start with & = v/d + [Vd],q0 = 1,m¢ = [V/d] in equation (10) because
1| (d — [/d])?. Thus, for all j > 0,

L R Y2 RRV:
— myy — gV = (g~ VA (13

Since the left hand side of equation (13) is rational, so for the right hand side to be
rational, we should have ¢;, =1 . Moreover ¢; = 1 for no other values of the subscript i.

For ¢; = 1, & = m; + V/d, but & has a purely periodic expansion and so by Theorem 16,
we have

1< <d = —1<mi—-Vd<0 = Vd—1<m; <Vd = mz':[\/g]

Now we establish that ¢; = —1 does not hold for any . Suppose ¢; = —1 for some 1.
Then this implies that & = —m; — v/d and so by Theorem 16, we have

“1<f<d = —1<-mi+Vd<0 = Vd<m <—Vd—1
which is impossible.
Noting that ag = [§] = [\/a + [\/E]] — 2[V/d], we now turn to the case £ = v/d (don’t
confuse this & with € = v/d + [v/d] in equation (12)). Using equation (12), we have
Vi = [V + (Vi+ V)
—[Vd| + (2[Vd], a7, a3, - ay—1, ag)
= ([\/E], ai, a2, ...,0,_1,0p)

with ao = 2[v/d] as above.
Applying equations (10) to v/d + [V/d] with ¢ = 1,m¢ = [V/d], we have

g = 2[\/6_1]7m1 = [\/C_ZLQI =d— [\/3]2
But we can also apply equations (10) to Vd with ¢y = 1,my = 0, to get
ap = [\/C_Z]aml = [\/E]aql =d— [\/8]2

We see that though the values of ay are different, but the values of m; and ¢; are the
same in both cases. Since & = (m; + \/E) /qi, we see that further application of equation
(10) yields the same values of a;, m;, g; in both the cases, i.e., the expansions of v/d + [v/d]
and v/d differ only in the values of ay and my.

Incidentally we have proved the following theorem.

Theorem 17. If the positive integer d is not a perfect square, the simple continued
fraction expansion of \/d has the form

\/E = <(10,(1,1,CL2, s 7ar—172a0>

with ag = v/d. Furthermore, with & = v/d,qo = 1,mg = 0 in equations (10), we have
¢; = 1 if and only if r | i and q; = —1 holds for no subscript i. Here r denotes the length
of the shortest period in the expansion of V/d.

14



1.9 A numerical example

Example 1: Expand v/5 as an infinite simple continued fraction.

Solution: To derive the continued fraction expansion of v/5, subtract the floor, invert
what is left, and repeat:

1 1
VE=24+(V5-2)=24+——=2+4+—— =924
\/_ 2 4+ (V5 -2) 4+ =

and the process will repeat to give

VE=1(2,4,4.4,...) = (2,9)

2 Pell’s equation

The equation 22 —dy? = N, with given integers d and N and unknowns x and v, is usually
called Pell’s equation. If d is negative, it can have only a finite number of solutions. If
d is a perfect square, say d = a?, the equation reduces to (z — ay)(z + ay) = N and
again there is only a finite number of solutions. The most interesting case of the equation
arises when d is a positive integer not a perfect square. For this case, simple continued
fractions are very useful.

We expand V/d into a simple continued fraction as in Theorem 17, with convergents
Ty = hy/k,, and with g, defined by equations (10) with & = Vd,qo=1,my = 0.

Theorem 18. If d is a positive integer not a perfect square, then
by — dksy = (=1)" g

for all integers n > —1.

Proof. Using equations (8) and (10), we have

mMn 1+f
Vd=¢ = Snt1fin + hno1 ( e )h” i _(mag1 + Vd)hy + Guiahny
0=

fn—i-lkn + kn—l B <M) k + kn 1 B (mn+1 + \/C_l)/{?n + qn+1kn_1

dn+1

This gives
(Mg 1k + Guprbon—1 — h)Vd = My 1hy + Guishn1 — dky, (14)

Since the right hand side of equation (14) is rational, so for the right hand side to be
rational, we should have

mn+1k’n + (]n+1k'n_1 — hn =0
and hence,

mthn + qn+1hn_1 - dkn =0
Then, from both these equations, we have

hn - Qn—i-lkn—l dkn - Qn+1hn—1
mn+1 = =

kn I,
This gives,
h2 — dk2 = (hpkn-1 — hn1kn)@nir = (—=1)" 'guia
using Theorem 5 in the last step, and this equation is true for all integers n > 1. O]
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We have the following corollary of Theorem 18.

Corollary 18.1. Taking r as the length of the period of the expansion of V/d, as in
Theorem 17, we have for n > 0,

h2

nr—1

—dky, = (=1)" g = (1)
With n even, this gives infinitely many solutions of 22 — dy? = 1 in integers, provided d
is positive and not a perfect square.

It can be seen that Theorem 18 gives us solutions of Pell’s equation for certain values
of N. In particular, Corollary 13.1 gives infinitely many solutions of 22 — dy? = 1 by the
use of even values of nr. Of course if r is even, all values of nr are even. If r is odd,
Corollary 13.1 gives infinitely many solutions of 22 — dy? = —1 by the use of odd integers
n > 1. Apart from the trivial solutions + = £1,y = 0 of 22 — dy?> = 1, all solutions
of 22 — dy* = N fall into sets of four by all combinations of signs +z, £y. Hence it is
sufficient to discuss the positive solutions x > 0,y > 0.

2.1 Convergents of v/d and solutions of Pell’s equation

Theorem 19. Let d be a positive integer not a perfect square, and let the convergents
to the continued fraction expansion of Vd be r, = hn/k,. Let the integer N satisfy
IN| < Vd. Then any positive solution © = s,y = t of the equation z2 — dy* = N with
(s,t) =1 satisfies s = hy,t = k,, for some positive integer n.

Proof. Let E and M be positive integers such that (E, M) = 1 and E? — pM? = o, where
/P s irrational and 0 < o < ,/p with o, p € R, not necessarily integers. Then

g

E
M_\/]_?:M(E+Mﬁ)

and hence,
0<%_\/ﬁ< M(E—{EM\/ﬁ) - M2<;+1>
My/p
Also,

E E
0< — — — ——>1
TR Ty

and therefore, . X
37V < p
By Theorem 13, F/M is a convergent in the continued fraction expansion of p.
If N >0, wetake 0 = N,p=d, = s, M =t and the theorem holds in this case. In
N < 0, then t* — (1/d)s* = —N/d and we take 0 = —N/d,p = 1/d,E =t,M = 5. We
find that t/s is a convergent in the expansion of 1/v/d. Then by Theorem 14, s/t is a
convergent in the expansion of V. O

As a result of the theorems 17,18 and 19, we have the following theorem.
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Theorem 20. All positive solutions of x? — dy?> = £1 are to be found among v =
hn,y = ky, where hy,/k, are the convergents of the expansion of Vd. If r is the period
of the expansion of \/d as in Theorem 17, and if v is even, then 12 — dy? = —1 has no
solution, and all positive solutions of x* — dy* = 1 are given by © = hpr_1,y = kpr—1
forn =1,2,3,.... On the other hand, if v is odd, then x = hy_1,y = kp.—1 give all
positive solutions of x> — dy*> = —1 by use of n = 1,3,5,... and all positive solutions of
2?2 —dy?> =1 by use of n = 2,4,6,. ...

The sequence of pairs (ho, ko), (h1, k1), (ha, ko), ... will include all positive solutions of
2% —dy* = 1. Also since ag = [\/c_l] > 0, so the sequence hg, hy, ho, ... is strictly increasing.
If (x1,71) is the first solution that appears, then for every other solution (z,y), © > x;
and hence y > y; also. Having found this least positive solution by means of continued
fractions, we can find all the remaining positive solutions by a simpler method, as the
following theorem suggests.

Theorem 21. If (xy,y1) is the least positive integer solution of > — dy* = 1, where d
s a positive integer not a perfect square, then all positive integer solutions are given by

(Zn,Yn) forn =1,2,3...., defined by x, + ypvVd = (x1 + y1Vd)".
Proof. First we establish that (z,,,) is a solution. Since x, + y,v/d = (1 + y1v/d)", so
Ty — ypVd = (x1 — 11 \/3)” Hence we can write
zh — dyp, = (0 — yuVd) (w0 + yuVd)
= (21 — V)" (@1 + V)" = (2] —dy?)" =1
Suppose there is a positive integer solution (s,¢) that is not in the collection {(xp,yn)}

Since both z; 4+ y1v/d and s +tv/d are greater than 1, there must be some integer m such
that

(21 + ylx/a)m <s +Vd < (21 + y1\/a)m+1

. We cannot have (z1+y,vd)"™ = s+t\/d, because this would imply @, +ymVd = s+tv/d
so that z,, = s and y,, = t. So we have,

(21 4+ Vd)™ < s+ tVd < (21 + iy Vd)™ !
Multiplying this inequality by (z1 — y1vVd)™ = (z1 + y1vV/d)™™, we get
1< (s +tVd)(z, —ipnVd)™ <z +y1Vd
We define integers a and b such that a + bv/d = (s + tv/d)(2; — y1v/d)™. Then we have
a’ —db* = (s* —dt*)(z? —dy?)" =1

So, (a,b) is a solution of 22 — dy? = 1 such that 1 < a + bv/d < z; + y1v/d. But then,
0 < (a+bv/d)~" and hence 0 < a — bv/d < 1. Now we have

1 1 1
a:§(a+b\/3)+§(a—b\/a)>§+0>0

and

1

Z_ =9
2 2

Therefore, (a,b) is a positive integer solution. Therefore, a > x1,b > y;, which contradicts
a4+ bV/d < 21 + y1/d. Therefore, all positive integers solutions are given by (z,,y,) for

n=1,2,3,..., with x,, and ¥, defined as above. O

D= o (a-+ V)~ L a— bV >
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Theorem 22. If 2 — dy? = —1 is solvable, and (xy,y;) is the smallest positive solution.
Then (x4,y,) defined by x5 + yo/d = (z1 + y1V/d)? is the smallest positive solution of
2% —dy? = 1.

Proof. Assume, to the contrary, that (z, 1) defined by z + y4vd = (z1 + 11Vd)? is a
positive integer solution of 22 — dy* = 1 and ¥, < y». Define 2/, y} such that

zy +ypVd _ (2 +ypVd)(w1 — y1Vd)

4y Vd = =
1 o+ yVd v} — dy}

Using 22 — dy? = —1, we get
2+ Vd = (2 + ypVd) (i Vd — 21) = (dyyy — 212y) + (ahy — 21y5)Vd
and so ¥] = dy Yy —x17h, 1y = Thy1 —x1Y5, which turns out to be a solution of 2% —dy? = 1

and smaller than (x4, y5), a contradiction. O

2.2 A numerical example

Example 2: Find the least positive integer solution of 22 — 73y? = —1 (if it exists) and
of x? — 73y? = 1, given that v/73 = (8,1,1,5,5,1,1,16).

Solution: Since the period of this continued fraction expansion is 7, an odd number, we
know from Theorem 20 that the equation z? — 73y? = —1 has solutions. Moreover, the
least positive solution is z = hg, y = kg from the convergent r¢ = hg/ks. Using equations
(6), we see that the convergents are

ro=8/1,r1 =9/1,ry = 17/2,r5 = 94/11,r4 = 487/57,r5 = 561/68, r5 = 1068,/125

Therefore, the least positive integer solution of 2% — 73y? = —1 is x = 1068,y = 125. To
get the least positive integer solution of 22 — 73y? = 1, we use Theorem 22 to calculate
x and y equating the rational and irrational parts of

z + yV/73 = (1068 + 125v/73)?

The values of x and y are 2281249 and 267000 respectively, which is the least positive
integer solution of z2 — 73y% = 1. O
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