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Diff Eqns Jan-Apr 2024 Final Examination 2024-05-06 09:30-12:30

Answer all the questions. There are problems worth 120 marks in this exam. Contri-

bution towards final grade: (your marks)/3

1. Let a, b, k,1 be positive real numbers. Consider the the predator-pray (or Lotka-Volterm) system

i) =vten = [ 553750

on the phase space U := {(z,y) |z > 0;y > 0}.
(a) (5 points) Write (z*,4*) for the equilibrium point. Determine z* and y*.
(b) (5 points) Show that at each (z,y), the slope of the tangent to the phase curve through (z,y)
: —by(z = z*)
az(y —y*)
(where we interpret the expression as a limit when the denominator is zero).
(c) (20 points) Find functions f(x) and g(y) such that, with

Pl = [ e+ 4 Y oin

the directional derivative D, F of F in the direction of v is 0 everywhere. (Hint : separation of
variables)

(d) (5 points) Using the above step, show that the given system is Lyapunov-stable and not asymp-
totically stable.

(e) (10 points) Let (zg,y0) € U. Show that F(z,y) = F(xo,¥0) is the equation of the phase curve

thro'Ugh ($Oly0)'
|  |~y-—=zy
gy | z+2?

(a) (10 points) Determine whether F(x,y) = z* 4+ 3? is a Lyapunov function.

2. Consider the system

(b) (5 points) Determine the nature of stability at the origin: unstable / Lyapunov-stable / asymp-

[:] B [y f;z]

ind the unstable subspaces of the linearization.
find the equation of the stable manifold.

totically stable.




6. (15 points) Let X = Ax and X = Bx be two linear systems on R™ and {f*},{g'} be the
R" is a diffeomorphism such that h(0) = 0 and such that for .,n

flows. Suppose that h : R™ —
x € R™ and for all £, gth(x) = h(f*x). Show that there is a linear transformation T : R" — l,ﬁ

such that g*J(x) =',n F2x).




