
ALGO Practice Problems | Set 1 August 9, 2023

• These exercises are for your practice. Use them to make sure that you have

understood the material taught in the previous lectures.

• You are highly encouraged to solve these problems and get your solutions

veri�ed by the TAs.

• You are not required to submit your solutions to these problems. You won't

get any credit for solving these problems.

• You may take the help of any resource (e.g., your classmates, friends, the TAs,

the internet) for �guring out these problems.

• Continuous evaluation for this course will be in the form of in-class quizzes.

The questions in these quizzes will be (loosely) based on these exercises (and

others to come). If you have learned how to solve these exercises, you should

have no trouble doing well in the quizzes. Otherwise, otherwise.

The �rst few questions are based on the following procedure that we saw in class.

divide(x, y)

1 if x = 0

2 q = 0

3 r = 0

4 return (q, r)

5 z = ⌊x
2
⌋

6 (q, r) = divide(z, y)

7 q = 2× q

8 r = 2× r

9 if x is odd

10 r = r+ 1

11 if r ≥ y

12 r = r− y

13 q = q+ 1

14 return (q, r)

1. Verify (by \running" the code by hand) that this pseudocode works correctly for a

handful of (valid) inputs x, y of your choice.

2. Translate this pseudocode to Python. Generate a large number of valid (x, y) pairs.

Run your program on these inputs (x, y). Programmatically verify (how? . . . ) that

the outputs match the expected (q, r) values.
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3. Complete the argument of correctness of Divide(x, y) that we did in class, using

induction on the value of x.

4. Write an argument of correctness of Divide(x, y) using induction on the number of

bits in the binary representation of x.

The next few questions are based on the following procedure that we saw in

class.

Euclid(x, y)

1 if y = 0

2 return x

3 (q, r) = Divide(x, y)

4 gcd = Euclid(y, r)

5 return gcd

5. Verify (by \running" the code by hand) that this pseudocode works correctly for a

handful of (valid) inputs x, y of your choice.

6. Translate this pseudocode to Python. Generate a large number of valid (x, y) pairs.

Run your program on these inputs (x, y). Programmatically verify (how? . . . ) that

the outputs match the expected values.

7. Recollect and write down the argument of correctness of Euclid(x, y) that we did in

class.

8.

(a) Write pseudocode for a recursive function OddOrEven(x) that takes a positive

integer x as argument and returns whether x is even or odd. Use the following

logic for this function:

1. Return the correct answer when x ∈ {1, 2}

2. If x > 2 then: Compute the answer for x − 2. Use this answer to construct

the correct answer for x, and return it.

(b) Implement your pseudocode in Python and test it on a few hundred inputs.

(c) Prove using induction (on what?) that your pseudocode is correct.

9.
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(a) Write pseudocode for a recursive function OddOrEven(x) that takes a positive

integer x as argument and returns whether x is even or odd. Use the following

(di�erent) logic for this function:

1. Return the correct answer when x ∈ {1, 2}

2. If x > 2 then: Compute the answer for x − 1. Use this answer to construct

the correct answer for x, and return it.

(b) Implement your pseudocode in Python and test it on a few hundred inputs.

(c) Prove using induction (on what?) that your pseudocode is correct.

10. Consider the following set of operations to compute a number x:

1. Initialize: x = 1

2. Do either one of the following steps, a �nite number of times:

(a) x = (x× 2)

(b) x = (x+ 3)

Note that the two types of steps can be interleaved : you can opt to multiply in one

step, and add in the next, and vice versa.

Here are some easily veri�ed examples of numbers x that can be obtained in this way:

• x = 1

• x = 2

• x = 4

Here are some less obvious examples. All of these were obtained using ten update

operations:

• x = 262

• x = 646

• x = 800

• x = 61

• x = 44

(a) Write the pseudocode for a recursive function IsValid(y) that takes a positive

integer y as argument and returns:

• True if y can be obtained by starting with x = 1 and applying some �nite

sequence of operations as described above, and
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• False otherwise. That is, the function should return False if, starting with

x = 1, no possible �nite sequence of these operations, howsoever long,

will result in the number y.

(b) Prove using induction that your pseudocode is correct.

11. The sequence of Fibonacci numbers is de�ned as follows:

f1 := 1, f2 := 2, fn+2 := fn+1 + fn, ∀n ∈ N

Given natural numbers a, b with a < b, give a recursive algorithm to �nd whether

a, b are consecutive Fibonacci numbers; that is, whether a, b are of the form fi, fi+1,

respectively, for some i ∈ N. Prove using induction that your algorithm is correct.

12. A graph G is de�ned as an ordered pair (V, E) where V is a �nite set of vertices and

E ⊆
(
V
2

)
is a set of edges. For more information, visit Graph. A graph is connected if

there is a path between every pair of vertices. For more information, visit Connectivity.

Given a connected graph G := (V, E) and a vertex v ∈ V, consider the following

algorithm:

dfs(G, v)

1 Label v as Discovered

2 for all edges {v,w}

3 if w is not labeled Discovered

4 DFS(G, v)

Prove that

(a) The algorithm DFS terminates.

(b) Upon termination, every vertex in the graph G is labeled as Discovered.

13. A nonempty binary tree B is EITHER

• A root node with zero pointers OR

• A root node with two pointers pointing to 2 nonempty binary trees BL,BR respec-

tively, where each of BL,BR has a �nite number of nodes1.

For a nonempty binary tree B, let V be the set of all its nodes, and E be the set of all

its pointers. We de�ne the height h of a nonempty binary tree as:

• h(B) := 0, if B is a root node with zero pointers.

1BL and BR need not have the same �nite number of nodes.
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• h(B) := 1+max{h(BL), h(BR)}, if B is a root node with two pointers pointing to

BL,BR respectively.

Show that

(a) |V | = |E|+ 1.

(b) |V | ≤ 2h(B)+1 − 1.

14. Let S ⊆ Z× Z be such that

• (0, 0) ∈ S.

• (a, b) ∈ S =⇒ (a, b+ 1)

(a+ 1, b+ 1)

(a+ 2, b+ 1)

 ∈ S.

Show that for all (a, b) ∈ S, we have that a ≤ 2b.

15. Write the pseudocode for a recursive function IsPalindrome(string, start, end)

that checks if the given string is a palindrome within the index range start to end.

Prove using induction that your pseudocode is correct.

16. Write the pseudocode for a recursive function FindLargest(numbers) that �nds

the largest number in the list numbers given as its argument. Prove using induction

that your pseudocode is correct.
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