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Problem 1:

(a) Let B =((1,2,0)%,(2,1,2)",(3,1,1)") and B’ = ((0,1,0)*, (1,0, 1)*,(2,1,0)").
Determine the basechange matrix P from B to B’.

(b) Determine the basechange matrix in R?, when the old basis is the stan-
dard basis E = (e, e3) and the new basis is B = (e; + €9, 1 — €3).

(c) Determine the basechange matrix in R", when the old basis is the stan-
dard basis E and the new basis is B = (e,, €1, ..,€1).

Solution 1:

(a) Since P is the basechange matrix from B to B’, so B’ = BP.

Suppose for some x1,y1, 21,

0 1 2
1l =21 2|4+ |1 |+2]1
0 0 2 1
ie.,
x1+2y1—|—321 =0
201+ +2 =1
2y1 + 21 = 0
So we have x; = %,yl = %,zl = —%.
Suppose for some xa, ys, 22,
1 1 2 3
0 = T2 2 +y2 1 + 29 1
1 0 2 1
ie.,
x2+2y2+3z2:1
229 + Yo + 20 = 0
200 + 22 =1
So we have 1o = —2,yy = 2,2, = 1.
Suppose for some x3, y3, 23,
2 1 2 3
1 = T3 2 +y3 1 + z3 1
0 0 2 1

ie.,
T3+ 2ys + 323 = 2
203+ ys +2z3 =1
2ys + 23 =10
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So we have x5 = 2,y3 = —2, 23 = &.

Thus, the basechange matrix from B to B’ is

2 2
7

1 1
61+€2:|:1:| andel—egz[_l}

Suppose B = EP, where P is the basechange matrix in R2, i.e.,

LAl

1 1

1 -1

(c) Suppose the basechange matrix in R"™ is P, when the old basis is the
standard basis E and the new basis is B = (e,,e,-1,...,€1), i.e., BP = E.
But the matrix formed by the standard basis vectors is the n x n identity
matrix I. So, P = B!,

Problem 2:

Prove that every m x n matrix A of rank 1 has the form A = XY, where
X,Y are m- and n-dimensional column vectors. How uniquely determined
are these vectors?

Solution 2:

If Ais a m x n matrix A of rank 1, then A has only one independent column

So, P =

T
x
and every other column is a multiple of it. Let X = ,2 eR™ Y =
T
Y1
Y
.2 € R™ and
Yn
T
¢ L2
Tn



So every column of A is a multiple of the column vector X, i.e., the matrix
A has rank 1.

Problem 3:

Let A and B be 2 x 2 matrices. Determine the matrix of the operator
T : M ~» AMB on the space F'?*? of 2 x 2 matrices, with respect to the
basis (611, €12, €21, 622) of F2X2.

Solution_3:

Let A = {all a12] and B = [bll le]

Q21 Q22 ba1 Do
Therefore,
a1 Q12 10 bll b12
T —
(ex) [ Q21 Q22 } [ 00 ] [ ba1 b2 ]
_ a;; 0O b1 Do _ aj1bi1 aiibio
az 0 ba1 Do a21b21  a21099
= ay1b11(e11) + arrbia(era) + azbor(€a1) + agibaz(eaz)
Now,
ai; Qa2 01 b1 bio
T p—
(612) [ A21 Q22 } [ 00 ] { ba1  bao ]
_ 0 an b1 bio _ a11b21  a11099
0 an ba1 Do as1ba1  az1ba
= ay1ba1(e11) + ar1baa(e1a) + agbor(€91) + agbaz(ea2)
Now,
air a9 0 0 bll b12
T =
(€21) [ ag A 1 [ 1o } { ba1 a2 }
_ a2 0 b1 b2 _ a12b11  aizbio
azy 0 ba1 Do azebir  agbis
= a12b11(e11) + arabia(e1a) + agnbii(€a1) + agabiz(ea2)
and

ar a9 00 bll b12
T —
(622) [ A21 QA22 } [ 0 1 ] { ba1  bao ]
_ |0 an bii b2 _ a12ba1 @12
0 a ba1 Do a2ba1  agba

= ay2ba1(€11) + a12baa(e12) + agabor(€a1) + agabaz(€a2)



So we have
a11011  a11bar  aiebin ajebo

T — a11b1a  a11baa  aizbiz  aigba
a21ba1  ag1ba1  agabin  ageby
a21012  as1bag  axbia  agba

Problem 4:
Prove the below theorem using row and column operations:
Given an m X n matrix A, there are invertible matrices () and P such that

A" = Q7' AP has the form 8" 8 .

Problem 5: Determine the dimensions of the kernel and the image of the
linear operator T" on the space R™ defined by

T(xy,...,20) = (w1 +2p, 20+ 20 — 1,..., 2, + 1)

Solution 5:
The linear operator 7" on the space R" is defined by

T(z1,...,00) = (x1 +Tp, 20+ a0 —1,..., 0, +11)°
Therefore,
T(x1e1 + x99 + -+ + xpey) = 21T (€1) + 22T (e2) + - - - + x,T(e)

:(:v1+xn,x2+xn—1,...,xn+x1)t

Now, since e;’s are standard basis vectors, so
T(e;) = e+ en_it1

fori=1,2,--- ., n.

So,
(1.0 0 0 1]
010 1
T = SR R
010 --- 10
100 --- 01
: ...n n—1 :

In RREF, T" has a 1 in the last row at position 5 or 5 depending on

whether n is even or odd.n non
For even n, dim(ker T')= BL dim(im 7")= dim V— dim(ker 7')=n — 3=
n—1 n+1

2 2

-1
and for odd n, dim(ker 7')= nT, dim(im T)=n —



Problem 6: Let T : V — V be a linear operator on a vector space of
dimension 2. Assume that 7" is not multiplication by a scalar. Prove that
there is a vector v in V' such that (v, T(v)) is a basis of V, and describe the
matrix of T" with respect to that basis.

Solution 6:

Since T' : V. — V is a linear operator on a vector space of dimension 2
and T is not multiplication by a scalar, therefore for a given vector v € V,
T(v) # Av, where A € F, ie., av+ T(v) =0 only if « =0 and 5 =0, i.e.,
(v, T(v)) are linearly independent.

Clearly, T' and T'(v) are distinct because if not, then T'(v) = 1 - v, which is
not possible. Also, since V' has dimension 2, so it spans and hence (v, T'(v))
is a basis for all v € V.

Problem 7:

(a) Show that Hom (V, W) is a vector space under pointwise addition and
scalar multiplication.

(b) Suppose B = {vy,...,v,} is a basis for V and C = {wy,...,w,} is a
basis for W. For any linear map T from V to W, we constructed a ¢q by p
matrix with respect to given bases. Call this matrix f(7'). Show that f is
an isomorphism from the vector space Hom (V, W) to the vector space of all
g by p matrices with real entries.

(c) Take Ty and Ty in Hom (V, W) and S in Hom (W,U) for some vector
space U. Show that (S composed with (77 4+ T3)) = (S composed with T7)
+ (S composed with T3). State without proof analogous formula using R
in Hom(U, V). In light of what we did in class (about composition of linear
maps vis a vis their matrices) and part (b) above, these formulas translate
into a property of matrix operations. State this property and explain very
briefly.

Solution 7:

(a) Let S, T € Hom (V, W) be linear maps. So, for v € V| we define

(S+T)(v)=SWw)+T(v)
So for vy, v9,v € V, we have
(S 4+ T)(v1 +v2) = S(vy +v2) + T(vy + v2)
S(vy) + S(va) + T(v1) + T(v2)
S(v1) + T'(v1) + S(va) + T(v2)
= (S+T)(v1) + (S +T)(v2)

and

(S +T)(\w) = S(w) + T(\w)
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= AS(v) + A\T'(v)
= NS +T)(v)
Thus, S + T is a linear map and S + T € Hom (V, W).
Now for v € V', we define
(AT (v) = AT'(v)
So for vy, v, v € V', we have

()\T)(U1 + Ug) = )\(T(U1 + Ug)

= MT(v1) +T(v9)}
= ANT'(v1) + NT'(v2)
= (AT)(v1) + (AT)(v2)
and
(AT)(pv) = AT (uV)
= \uT(v)
= pAT (v)
= p(AT)(v)
Thus, AT is a linear map and AT € Hom (V,W).

The remaining axioms are clearly satisfied and hence Hom (V, W) is a vector
space under pointwise addition and scalar multiplication.

(b) Given that B = {vy,...,v,} is a basis for V and C = {wy,...,w,} is a
basis for W, so dim B = p and dim C = q.

Now,

which is a ¢ X p matrix.

If f(T) =0, then T'(v;) =0Vi=1,2,...,p. But since v;’s are basis vectors,
we have T'= 0. So f is injective.

Now, let R = (rj);) be any ¢ X p matrix and we define

q
T(Ul) = Z rjkwj
j=1



for k =1,2,...,n. Then we have f(T) = R. So f is surjective.

Thus, f is bijective.

(c) We take dim V = p, dim W = ¢ and dim U = r with bases (vq,...,v,),
(wy,...,w,) and (uq,...,u,) respectively.

Now we take x = a v1 + - - - + apvy,.

So, T1(z) = a Ty (v1) + - - - + apT1(vy) and Th(x) = a1Ta(v1) + - - - + ap,Ta(vy).
Therefore,

Ti(x) + To(x) = ar{T1(v1) + To(v1)} + - - - 4+ ap{T1(vp) + To(vp) }

= CL1(T1 + TQ)(U1> + -+ ap(Tl + TQ)(UP>

or,

(Ty + T3)(z) = Th(z) + Ta(z)

Now,
S(Ti(x)) = arS(Ty(v1))+- - -+apS(Ti(vp) and S(Ta(x)) = ar1S(Tz(v1))+- - +apS(Ta(vp)
Therefore,

S(Ti(x)) + S(Ta(x)) = ar(S(Th + 13))(01) + - -+ + 4, (S (T + T2)) (vy)

| (S(Th + T3))(z) = S(Ti(z)) + S(Ta(x))
o So(Th+Ty)=SoTy+SoTy
Problem 8:

(a) Let V, W, U be finite dimensional vector spaces, T" a linear map from V' to
W and S linear map from W to U. Thus ST (i.e. the composition T followed
by S) is a linear map from V' to U. Prove using only abstract vector space
language that rank(ST) is less than or equal to rank(S) as well as rank(T").
(b) Let A and B be matrices such that the product AB is defined. Prove
using only matrices (without any mention of vector spaces) that rank(AB)
is less than or equal to rank(A) as well as rank(B).

(¢) Your proofs in (a) and (b) should be independent of each other. Now
explain briefly but precisely how either of (a) and (b) can deduced from the
other.

Solution:

(a) Given T': V. — W and S : W — U are linear maps. So, ST : V — U.
Consider a matrix M € R™".

So, Rank(M )= dim(Range M), Rank(ST)= dim(Range ST') and Rank(S)=



dim (Range S) and Rank (7")= dim(Range T').

We have in general, if a vector space W is a subspace of a vector space V,
then dim(W) < dim(V).

Now for any vector y € Range ST, 3 x such that y = (ST)x = S(Tx) = Sz,
taking z = Tx. So, y € Range S, i.e., Range ST is a subset of Range S.

So, Rank (ST)= dim(Range ST)< dim(Range S)=Rank (S). Also, z €
Range T', so span(y) is a subspace of T'.

Therefore, dim(span (y))= dim(U)< dim(Range T') and hence dim(Range
ST)< Rank (7).

(b)LetA: ay Gz -+ Qq ERP‘])B by by --- b, c R,

So, AB = | bjA bA --- b.A |, ie., the columns of AB are the linear

combination of the columns of A, with B as scalar multiples. Therefore,
column space of A is a subspace of the column space of A.

Therefore, Rank (AB)= dim(column space of AB)< dim(column space of
A)= Rank (A).

@ b,
cd b
Also, A = , and A = .
i A S
I ay B
o a,B -
So, AB = ) , i.e., the rows of AB are linear combination of
a,B

the rows B with A as scalar multiples. Therefore, the row space of AB is a
subspace of the row space of B.

Therefore, Rank (AB)= dim(row space of AB)< dim(row space of B)= Rank
(B).



